We consider a hierarchy of Hamilton operatorsĤ N in finite dimensional Hilbert spaces C 2 N . We show that the eigenstates ofĤ N are fully entangled for N even. We also calculate the unitary operator U N ( ) = exp(− Ĥ N / ) for the time evolution and show that unentangled states can be transformed into entangled states using this operator. We also investigate energy level crossing for this hierarchy of Hamilton operators.
Introduction
Two-level quantum systems and their physical realizations have been studied by many authors [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The Hamilton operatorĤ 1 is given bŷ
where ω is the frequency and ∆ is a real parameter (dimension energy). Throughout the paper we use the abbreviation E ≡ √ 2 ω 2 + ∆ 2
The eigenvalues of H 1 are with N ≥ 1. For N ≥ 2 we can also study entanglement. Here ⊗ denotes the Kronecker product [11] [12] [13] , σ , σ are the Pauli spin matrices, ω > 0 and ∆ ≥ 0. Thus the Hamilton operatorĤ N acts in the Hilbert space = C 2 N . Entanglement and energy level crossing are studied for N ≥ 2.
Properties of the Hamilton operators
The properties of the Hamilton operators depend strongly whether N is even or odd. Since trĤ N = 0 for all N we obtain
where E are the eigenvalues ofĤ N . Consider the operators
We have to distinguish between the case N even and the case N odd. If N is even then the commutator vanishes, i.e.
If N is odd then the anti-commutator vanishes, i.e.
Note that Σ N and Σ N are elements of the Pauli group. Thus settingĤ N =Ĥ N0 +Ĥ N1 witĥ
we find that for N even [Ĥ N0 Ĥ N1 ] = 0. Then the unitary operator U N ( ) = exp(− Ĥ N / ) can easily be calculated since
If N is odd we have [Ĥ N0 Ĥ N1 ] + = 0. Here too the time evolution U N ( ) = exp(− Ĥ N / ) can easily be calculated.
Special cases
We consider now the cases N = 2 and N = 3. Then we generalize to arbitrary N. Consider the case N = 2. The four eigenvalues are given by
with the corresponding normalized eigenvectors
Note that the states do not depend on the parameters ω and ∆. These states are the Bell states (see [10, 11] and references therein). The Bell states are fully entangled. Entanglement of states in finite-dimensional Hilbert spaces (dim ≥ 4) has been investigated by many authors (see [10, 11] and references therein). The measure of entanglement for bipartite states are the von Neumann entropy, concurrence and the 2-tangle. As a measure of entanglement we apply the tangle which is the squared concurrence. The concurrence for a pure state |ψ in = C 4 is given by = 2 det 00 01 10 11 with the state |ψ written in the form
and | ( = 0 1) denotes the standard basis in the Hilbert space C 2 . Next we calculate exp(− Ĥ 2 / ). Since
we obtain
The Hamilton operatorĤ 2 shows energy level crossing (when keeping ω fixed and varying ∆). The unitary operator U 2 ( ) = exp(− Ĥ 2 / ) can generate entangled states from unentangled states. However note that applying the unitary operator U 2 ( ) to one of the Bell states given above cannot disentangle these states since they are eigenstates. For example, we have
If we start with the unentangled state (product state) |ψ = (1 0 0 0) T under the evolution U 2 ( )|ψ depending on , ω and ∆ we can find entangled states using the concurrence as measure. For the case ω = ∆ (level crossing) the state reduces to 
Consider now the case N = 3. For the case N = 3 we find the eigenvalue E = √ 2 ω 2 + ∆ 2 (four-times degenerate) with the normalized eigenvectors
and the eigenvalue −E (four times degenerate) with the normalized eigenvectors
If ∆ = E − ω then the first and second eigenstates are fully entangled. If ∆ = E + ω the third and fourth states are fully entangled. As measure we can use the 3-tangle [14] .
Since we have the eigenvalues and eigenvectors ofĤ 3 the unitary operator U 3 ( ) can easily be calculated. We find
If we start with the unentangled state (product state) |ψ = (1 0 0 0 0 0 0 0) T under the evolution U( )|ψ depending on , ω and ∆ we can find entangled states.
General case
Consider now the general cases. If N is odd the Hamilton operator has only two eigenvalues, namely E and −E. Both are 2 N−1 times degenerate. The eigenvectors for +E before normalization are given by
The eigenvectors for −E before normalization are given by
For N odd the time evolution is given by
For N even the four eigenvalues are given by
The eigenvalues are 2 N−2 times degenerate. The corresponding 2 N normalized eigenvectors for the case N even are
They do not depend on ∆ and ω. The first vector corresponds to the GHZ-states. These 2 N eigenvectors form an orthonormal basis in the Hilbert space C 2 N . Wong and Christensen [15] introduced an -tangle for all even and = 3. Using this measure of entanglement the eigenvectors given above are fully entangled. For N even the unitary operator U N ( ) for the time evolution is given by
Energy level crossing
A basic problem in quantum mechanics is the calculation of the energy spectrum of a given (hermitian) Hamilton operatorĤ. It is assumed that the hermitian Hamilton operator acts in a Hilbert space . Here we assume we have a finite dimensional Hilbert space. Thus the spectrum is discrete. In many cases the Hamilton operator depends on a real parameter. The question whether or not energy levels can cross by changing the parameter was first discussed by Hund [16] . He studied examples only and conjectured that, in general no crossing of energy levels can occur. In 1929 von Neumann and Wigner [17] investigated this question more rigorously and found the following theorem: Real symmetric matrices (respectively the hermitian matrices) with a multiple eigenvalue form a real algebraic variety of codimension 2 (respectively 3) in the space of all real symmetric matrices (respectively all hermitian matrices). This implies the famous "non-crossing rule" which asserts that a "generic" one parameter family of real symmetric matrices (or two-parameter family of hermitian matrices) contains no matrix with multiple eigenvalue. "Generic" means that if the Hamilton operator H admits symmetries the underlying Hilbert space has to be decomposed into invariant Hilbert subspaces using group theory [18] . A large number of papers have published studying energy level crossing (see [19] and references therein). times. Again we can reduce the Hilbert space C 2 N to Hilbert subspaces.
Conclusion
We have studied a hierarchy of Hamilton operators in the Hilbert space C 2 N . The behaviour depends strongly on whether N is even or odd. For the case N odd the Hamilton operator admits only two eigenvalues and the eigenvectors depend on ω and ∆. If N is even the eigenvectors do not depend on the parameters ω and ∆ and form an entangled basis in the Hilbert space C 2 N . The unitary operator U N = exp(− Ĥ N / ) (N ≥ 2) can convert unentangled states into entangled ones and vice versa.
